We propose a scheme for the generation and reconstruction of entangled states between the internal and external (motional) degrees of freedom of a trapped electron. Such states also exhibit quantum coherence at a mesoscopic level.
Here, in addition to the usual trapping fields, we consider an external radiation field as a standing wave along the z direction and rotating, i.e. circularly polarized, in the xy plane with frequency Ω [9] . To be more specific, we consider a standing wave within the cylindrical cavity configuration [10] with the (dimensionless) wave vector κ. Then, the interaction Hamiltonian reads [9] H int =h â c e iΩt +â † c e −iΩt cos(κẑ + φ) +hζ σ − e iΩt +σ + e −iΩt sin(κẑ + φ) ,
whereσ ± = (σ x ± iσ y )/2, andẑ =â z +â † z . The phase φ defines the position of the center of the axial motion with respect to the wave. Depending on its value the electron can be positioned in any place between a node (φ = 0) and an antinode (φ = ±π/2). The two coupling constants and ζ are proportional to the amplitude of the applied radiation field. For our purposes we also consider the possibility to introduce pulsed standing waves [11] through the microwave inlet [1] so that and ζ become time dependent. The duration of the pulse is assumed to be much shorter than the characteristic axial period, which is of the order of microseconds. Depending on Ω and φ, the interaction Hamiltonian (2) gives rise to different contributions at leading order in the Taylor expansion of sin(κẑ + φ) and cos(κẑ + φ). Now, nonclassical cyclotron states can be entangled with the spin states through the following steps. First, we consider φ = 0, Ω = ω s , and a pulsed standing wave of duration ∆t 1 = t 1 − t 0 = t 1 . In the following we shall work in a frame rotating at the frequency ω s . Then, the total Hamiltonian (Ĥ free +Ĥ int ) can be written aŝ
The first two terms can be neglected during the pulse duration. In fact, the latter is assumed to be much smaller than ω
. Its effect on the axial degree of freedom can be described by means of the
. Subsequently, we allow a free evolution for a time ∆t 2 
Finally, we consider the action of another pulsed standing wave with φ = −π/2, Ω = ω c , for a time ∆t 3 = t 3 − t 2 . In such a case the effective Hamiltonian (in the frame rotating at the frequency
, we can neglect the first two terms in the previous Hamiltonian. Then, the time evolution operator is equivalent to a displacement operator [12] 
Sinceẑ is not affected by the time evolution under the previous Hamiltonian, it remains unaltered during ∆t 3 , that isÛ (t 3 − t 0 ) = exp −i˜ (â c +â † c ) p z −ζσ x . This means that the state evolution for the spin-cyclotron system is given bŷ
whereR (0) is the initial density operator for the whole system. If we consider for instance the initial axial state as a Gaussian state with momentum width d, the above equation can be rewritten aŝ
Assumingζ d, which is easily obtained in the case of the ground state of the axial oscillator, we can approximate the evolution of an initial pure stateρ(0) =
It is now immediate to see that an initial state
where | ↑ and | ↓ denote spin eigenstates, while |α ± = N (|α ± | − α ) are the even-odd coherent states [13] of the cyclotron mode with N a normalization factor. Since the latter are orthogonal states, Eq. (5) represents a maximally entangled state [14] . On the other hand, even and odd coherent states may represent the basis of unconventional quantum bits [15] , hence states of the form of Eq. (5) could be of importance to encoding and manipulating quantum information [6] . Furthermore, a simple spin rotation (as it can be seen below) is sufficient to realize the transformation
a state already discussed in Refs. [8, 16] . The electronic state (6) possesses two very interesting features: first, if |α|, i.e. the product˜ ζ is much larger than 1, |Ψ is a typical example of Schrödinger-cat state [5, 17] . Second, the full state of the trapped electron is an entangled state between the spin and cyclotron degrees of freedom. It is worth noting that states like (5) or (6) persist for many cycles since the decoherence (i.e. the rapid destruction of superposition states due to the entanglement with the environment [17] ) in such a system is quite small [1] (in contrast, in Ref. [3] the mesoscopic superposition appears only cyclically). The most general pure state of the trapped electron can be cast in the form |Ψ = c 1 |ψ 1 | ↑ + c 2 |ψ 2 | ↓ , |ψ 1 and |ψ 2 being two unknown cyclotron states, and the complex coefficients c 1 and c 2 satisfying the normalization condition |c 1 | 2 + |c 2 | 2 = 1. The density operator ρ = |Ψ Ψ| associated to the pure state |Ψ can be expressed in the form
whose elements ρ (ij) = c i c * j |ψ i ψ j | are operators in the cyclotron Hilbert space. The phase-space description corresponding to (7) is given by the Wigner-function matrix [18, 19] whose elements arẽ
whereδ ij (α −â) is the Fourier transform of the displacement operator with i, j = 1, 2 denoting the spin components.
In order to characterize the generic state (8) we use a simple reconstruction procedure: Adding a particular inhomogeneous magnetic field-known as the "magnetic bottle" field [1] -to that already present in the trap, it is possible to perform a simultaneous measurement of both the spin and the cyclotronic excitation numbers. The useful interaction Hamiltonian for the measurement process is then [1] 
where the angular frequency ω b is directly related to the strength of the magnetic bottle field. Eq. (9) describes the fact that the axial angular frequency is affected both by the number of cyclotron excitationsn c =â † câc and by the eigenvalue ofσ z . The modified (shifted) axial frequency can be experimentally measured [1] after the application of the inhomogeneous magnetic bottle field. One immediately sees that it assumes different values for every pair of eigenvalues of n c andσ z , due to the fact that the electron g factor is slightly (but measurably [1] ) different from 2. Then, repeated measurements of this type allow us to recover the probability amplitudes associated to the two possible spin states and the cyclotron probability distribution in the Fock basis. The reconstruction of the density matrices |ψ i ψ i | (i = 1, 2) in the Fock basis is then possible by employing a technique similar to the Photon Number Tomography (PNT) [4, 20] which exploits a phase-sensitive reference field that displaces in the phase space the particular state one wants to reconstruct [21] .
Following Ref. [4] , immediately before the measurement, we apply a pulsed standing wave (2) tuned to Ω = ω c with φ = 0 in order to get a displacement γ = −i˜ /κ on the cyclotron. Thus we can interpret the quantity
as the probability of finding the cyclotron state |ψ i in a displaced number state |n, γ [22] . It should be noted at this stage that the probability distribution (10) is not normalized to unity. Instead, one has
Eq. (11) allows us to retrieve in a simple way the moduli of the coefficients c 1 and c 2 in Eq. (7) from the measured data. Fixing a particular value of γ, it is then possible to recover the probability distribution (10) performing many identical experiments. Expanding the density operatorρ (ii) in the Fock basis, and defining N c as an appropriate estimate of the maximum number of cyclotronic excitations (cut-off), we have
The projection of the displaced number state |n, γ onto the Fock state |m can be obtained generalizing the result derived in Ref. [23] . Let us now consider, for a given value of |γ|, P (i) (n, γ) as a function of ϕ = arg[γ] [24] and calculate the coefficients of the Fourier expansion
for s = 0, 1, 2, . . .. Combining Eqs. (12) and (13), we get
where the explicit expression of the matrices G is given in Ref. [25] . We may now note that if the distribution P (i) (n, γ) is measured for n ∈ [0, N] with N ≥ N c , then Eq. (14) represents for each value of s a system of N + 1 linear equations between the N +1 measured quantities and the N c + 1 − s unknown density matrix elements. Therefore, in order to obtain the latter, we only need to invert the system
where the matrices M are given by [24] .
However, this kind of measurement does not allow to retrieve the relative phase θ between the complex coefficients c 1 and c 2 . We can then again use the Hamiltonian (2) tuned to have a spin rotation, i.e. Ω = ω s and φ = π/2. After a π/2 spin rotation we have
We can now repeat the spin measurements just as we have described above in the case of the unknown initial state |Ψ . Repeating this procedure over and over again (with the same unknown initial state) for a large number of times and tracing out the cyclotron degree of freedom (no drive in this case is required), it is possible to recover the probabilitiesP (i) associated to the two spin eigenvalues for the state |Ψ . Without loss of generality, we can assume c 1 ∈ R, c 2 = |c 2 |e iθ , and ψ 1 |ψ 2 = re iβ , which yieldP
It is important to note that the probabilitiesP (i) can be experimentally sampled and that the modulus r and the phase β of the scalar product ψ 1 |ψ 2 can be both derived from the reconstruction of the cyclotron density matrices ρ (11) and ρ (22) [25] . Thus we are able to find the relative phase θ by simply inverting one of the two Eqs. (17) , e.g.
where the ambiguity in the arcsin function can be removed by repeating the procedure above using a second spin rotation (16) with an angle different from π/2. As in any tomographic scheme, our reconstruction procedure yields the state to be measured up to an uninteresting phase factor which, however, does not affect the results.
As an example of the states that can be generated with the method outlined above, and of the application of the proposed reconstruction procedure, we show in Fig. 1 the results of numerical Monte-Carlo simulations of the reconstruction of the state (6) . In this simulation we have used the value |α| = 1.5 which is experimentally accessible [1] and gives mesoscopic entangled superpositions of cyclotron coherent states with opposite phase. In order to account for actual experimental conditions, we have also considered the effects of a non-unit quantum efficiency η in the counting of cyclotron excitations. When η < 1, the actually measured distribution is related to the ideal distribution by a binomial convolution [26] . As it can be seen from Fig. 1 , the reconstructed distributions turn out to be quite faithful. We also would like to emphasize that the particular shape of W 12 is due to the quantum interference given by the entanglement between the two degrees of freedom: in fact, in absence of entanglement ρ (12) would just be a replica of the diagonal parts ρ (11) and ρ (22) . We have performed a large number of simulations with different states and several values of the parameters, which confirm that the present method is quite stable and accurate. In addition, and for all the cases considered, the values of the parameters c 1 , c 2 , and θ are very well recovered, with a relative error of the order of 10 −5 .
To conclude, we have proposed here a method which is able to synthesize and characterize highly nonclassical, maximally entangled states for a single trapped electron. The method is based on simple operations (switching on and off standing waves) which are currently realized in the present trap technology [2] . An experimental implementation of the proposed method might yield new insight in the foundations of quantum mechanics and allow further progress in the field of quantum information. We gratefully thank G. M. D'Ariano for help with the numerical simulations. This work has been partially supported by INFM, by the TMR Network "Microlasers and Cavity QED", and by MURST.
